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Theorem 1. Let ¢: Fy — E5 be a nonconstant isogeny of degree m.

(a) There is a unique isogeny

b: By — Fy satisfying o= [m].

(b) As a group homomorphism, gg equals the composition
EQ E— DlV (EQ) *> DlV (El) U, El,

Q— (@) —(0) 2 np(P) —— Ylny|P.

Proof. (a) First we show uniqueness. Suppose that gg and czAﬁ’ are two such isogenies, then
(¢~ @)od=[m]~[m]=0.

Because ¢ is nonconstant, the map gg — qg must be constant and thus equal to [0].
So ¢ = ¢'.

Now suppose that 1/1 FEy — Ej3 is another nonconstant isogeny of degree n and
suppose that qﬁ and w exist. Then

(potp)o(pod)=¢olnop=[n]opog¢=[nm]

So ngSo gﬁ has the defining property of 1/)/<>\gb. If char(K) = 0, then ¢ is separable
and if char(K) = p > 0, then by [I1.2.12 [Sil09] we can write ¢ as the composition
of a separable morphism and a Frobenius morphism. Thus it suffices to show the
existence of qg when ¢ is either separable or a Frobenius morphism.

Case 1. ¢ is separable Because ¢ has degree m, by [II11.4.10c Sil09] we have
#ker ¢ = m,
so every element of ker ¢ has order dividing m. Hence
ker ¢ C ker[m]
and by [I11.4.11 [Sil09] it follows that there is an isogeny
b: By — B4 satisfying bod= [m].
Case 2. ¢ is a Frobenius morphism If ¢ is the ¢'P-power Frobenius morphism with
q = p°, then ¢ is the composition of the p*-power Frobenius morphism with

itself e times. Thus it suffices to consider the case that ¢ is the p*"-power
Frobenius morphism. So by [I1.2.11 [Sil09] we have deg ¢ = p.



We now consider the map [p] on E. Let w be an invariant differential, then by
[II1.5.3 |Sil09] and the fact that char(K) = p, it follows that

[p]"w = pw = 0.

Hence by [I1.4.2¢ Sil09] the map [p] is not separable, and thus when we decom-
pose [p] as a Frobenius morphism followed by a separable map, the Frobenius
morphism does appear:

[p] = o ¢
for some integer e > 1 and some separable isogeny ¥. Then the map
d=1o¢!

has the desired property.

(b) Let Q € Es, and P € ¢~ 1(Q), then the image of () under the indicated composition
is

sum(¢*((Q) — (0))) = Z les(P)) P — Z leg(T)]T by definition of ¢,
P'ep=1(Q) Tep=1(0)

:[degm]( > P ) T) from [I11.4.10a [Sil09)],
(0)

Pled=H(Q) Teg!
= [deg; ¢] o [#¢~'(Q)]P
= [deg ¢] P from [III.4.10a |Sil09].

By construction,

so the two maps are the same.

O]

Definition 2 (Dual isogeny). Let ¢: Fy — E3 be an isogeny. If ¢ # [0], then the dual
isogeny to ¢ is the isogeny given by Theorem [1|a). Otherwise it is defined to be [0].

We will now present some basic properties of the dual isogeny, from which we will deduce
several important corollaries, including a good description of the kernel of the map [m)].

Theorem 3. Let ¢: E1 — Ey be an isogeny.
a) Let m = deg ¢, then

pod=1[m] on E1 and ¢od=[m] on Es.



b) Let \: Ey3 — E3 be another isogeny. Then

Soh— o

<

c) Let ¢: Ey — FEy be another isogeny. Then
S+ =0+

d) For allm € Z,

e) deg ¢ = deg 6.
f) 6=6.

Proof. If ¢ is constant, then the theorem is trivial, and if A and 1 are constant, then b)
and c) are trivial. So we can assume all isogenies to be nonconstant.

a) The first statement is the defining property of qg For the second consider
(pod)od=do[m]=[m]og.
Because ¢ is nonconstant, this implies ¢ o ¢ = [m).
b) We have already seen this in the proof of Theorem [1|a).

c¢) See [II1.6.3c [Sil09].

d) By definition, this is true for m = 0 and it is trivial for m = 1. By using c) with
¢ = [m] and ¢ = [1], we obtain

Then, by induction we see that [m] = [m] for all m € Z.
Now let d = deg[m] and consider the map [d]:
[d] = [m] o [m] = [m] o [m] = [m

By [III1.4.2b Sil09], the endomorphism ring of an elliptic curve is a torsion free Z-

module, so it follows that d = m?.

e) Let m = deg ¢, then by d) and a), we obtain
m? = deg[m] = deg(¢ 0 ¢) = (deg ¢)(deg ) = m(deg ).

Thus m = deg gZA>



f) Again, let m = deg ¢, then by a), b) and d), we obtain

Therefore ¢ = qAS

Definition 4 (quadratic form). Let A be an abelian group. A function
d: A—R

is a quadratic form, if it satisfies the following conditions

i) d(a) = d(—a) for all a € A.

ii) The pairing

Ax A= R, (a,) = d(a+B) — d(a) — d(B)
is bilinear.

A quadratic form d is positive definite if it further satisfies the following conditions:
iii) d(a) >0 for all « € A

iv) d(a) =0 if and only if & =0
Corollary 5. Let Fy and Ey be elliptic curves. The degree map

deg: Hom(FE1, Ey) — Z

s a positive definite quadratic form.

Proof. Everything is clear except for the fact that the pairing
(¢,9) = deg(¢ + ¢) — deg(¢) — deg(¥)
is bilinear. To proof this, we use the injection
[—]: Z — End(E)
and compute

(¢, ¥)] = [deg(¢ + ©)] — [deg(e)] — [deg(v))]
=+do(6+v)—dod—doy
=dop+do¢  from Theorem [3c)

Using Theorem |3] ¢ again, we see that the last expression is linear in both ¢ and . [



Lemma 6. Let A be a finte abelian group of order N” and suppose that for every D | N,
we have #A[D] = D", where A[D] is the subgroup of A consisting of all elements of

order D. Then
Z T
A2 | — | .
(32)

Corollary 7. Let E be an elliptic curve and let m € Z with m # 0.
a) if m#0 in K, then

b) If char(K) = p > 0, then one of the following is true:
i) E[p¢] = {0} for alle € N\ {0}.
it) E[p¢] = p%Z for all e € N\ {0}

2

Proof. a) By the assumption on m and the fact, that deg[m] = m?, we know that [m]

is a finite separable map. So from [II1.4.10c Sil09],
#E[m] = deg[m] = m?.
Similarly, for every integer d dividing M we have
#E[d] = d*.

Then by Lemma [6]

b) Let ¢ be the pt'-power Frobenius morphism. Then

#E[p°] = deg,[p°] from [III.4.10a |Sil09]
= (deg,(d 0 ¢))° from Theorem [3| a)
= (deg, ¢)° from [I1.2.11b [Si109].

By Theorem [3[e) and [I1.2.11c [Sil09], we have
deg ¢ = deg ¢ = p,
so there are two possible cases. If QAﬁ is inseparable, then deg, <Z§ =1, so

#E[p°] =1 for all e € N'\ {0}.



Otherwise (]3 is separable, so degsqg = p and thus
#E[p°] = p° for all e € N'\ {0}.

Then we verify that this actually implies

Elp] =

for all e € N'\ {0}.

p°L
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